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N.A.HA3APOB

Cankr-IleTrepObyprckuii rocyjapCTBEeHHBI
JIEKTPOTEXHUYECKUA YHUBEPCUTET

SJIEMEHTHI BHIUNCJINTEJIBHON TEOMETPUN

[Tox aneMeHTaMU BBIYUCIUTETLHON T€OMETPUH 3/1€Ch TOHUMAIOTCS CBEIeHUsI, HEOOXOIUMBIE /T
peIIeHus OTHOM U3 33424 MAITUHHON IpadUKH, aBTOMATU3UPOBAHHOTO MPOEKTUPOBAHUS, YUCIOBOTO
MPOTPAMMHOTO YIIPABIEHUS — 33a9d MTPOEKTUPOBAHUS TJIAKUX KPUBBIX U TOBEPXHOCTEA.

B cBoeit mpocreiimeit mocraHOBKe 3TO 3a/[ada TOYEYHON WHTEPIOISIAW: HAWTH B 33aJaHHOM
MHOKECTBe KPUBBIX (IIOBEPXHOCTEl) KPUBYIO (IIOBEPXHOCTH), MPOXOJSILYI0 Yepe3 3aJaHHbIEe TOYKH
TPEXMEPHOTO TPOCTPAHCTBA.

B ciryuae, Korja KOOpAMHATH 33JaHHBIX TOUEK U3BECTHBI JIUIIIb TIPUOJINKEHHO (HApUMED, U3-32
omubOK U3MepeHusl ), Hele1ecoobpasHo 10OUBaThCs, YTOObl BHIOpaHHAS KpUBasi (OBEPXHOCTH) MPO-
X0/ uJ1a Yepe3 3Tt To4YKu. Jloctarouno, urobbl Touky Oblu "He commkom gasieku'" ot Hee. KoHeuHo,
MOHSATHE PACCTOSTHUS JIOJIZKHO OBITH yTOYHEHO.

1. ITIPOEKTUPOBAHUE KPUBBIX

1.1. ITonmHOMUMaNbHAA WHTEPHOJISAIAS

Basanbl N TOYeK CBOMMH PaJInyCaMU-BEKTOPAMU

,T2,...,TN-

Tpebyercs mocrouTh 1J1aJKyI0 KPUBYIO, POXOJAMILYIO Yepe3 3Th Touku. Kpusbie Mbl Oyjem 3a-
JaBaTh MapaMerpudecku. [Ipunumiem (Boobime roBopsi, TpOU3BOJILHO) 33 JaHHBIM BEKTOPAM 3HAYEHUS
napamerpa t:

1 <t <...<tpn.

Torna 3a1a4a CBEIETCS K IOCTPOEHUIO TPeX MHTEPIOISAINOHHBIX IHOJHHOMOB nopadka' N
T
t = [z(t),y(t), 2(8)]

B nmanbreiiiem Bce paccyKaeHus Oy/IyT BECTUCH I OJTHON KOOpAMHATHI — abciucchl. V3Bect-
HO, 4TO CYIIECTBYET eduHcmeerHbiti MIOJTMHOM T TOpsiaKa [N, yIOBJIETBOPSIONINNA YCIOBUSIM

rae X — 3aganabie unciaa. OH MoxKeT ObITh 3anucaH, Hanmpumep, B ¢dopme Jlarpan:ka
al t—t;
t) = X — 7 1.1.2
o) = Y]] (112)
k=1 i#k

Beinosnnenue yenosuit (1.1.1) mpoBepsiercst nocranoBkoii. EauHCTBEHHOCTH MHTEPIIOSIHOHHO-
ro nosmHoma (1.1.2) ciemyer u3 roro, uro apa moimHOMa nopsadka N, coBnagawomue B N TOYKaX,
COBIIQIAIOT BCIOAY.

! MHOK€eCTBO TIOIMHOMOB TIOPAIKa, N COIEpPIKUT BCe MOMMHOMEL, CTENIEHb KOTOPLIX cmpo2o Mmenvuie, 3eM N, 1 emme
HYaeeoti nosunom — QYHKLIHIO, TOXKIECTBEHHO PABHYIO HYJIO.



CepbesHoe npeaynpexjaenue. /lake orpaHudMBasiCh MOJUMHOMAMU TOPsiAKa [N Mbl MOYXKEM TO-
JIy9aTh Pa3/IMYHbIe KPUBBIE, MPOXOdInue depe3 N 3a1aHHbIX ToYeK. HeonHo3HaYHOCTD 00bsACHIETCS
MPOU3BOILHOCTHIO HYMepallul TOYeK W ITPOU3BOJBHOCTBHIO 3HAUEHUU TMapaMeTpa, MPUIHACHIBAEMBIX
9TUM TOYKaM. ¥YJI00HO CUUTATh, YTO NapaMeTp — BpeMs. 1orja, u3MeHsisi HyMepaIuio TOY€eK, Mbl U3-
MEHSIEM OYepPe/IHOCTh MPOXOXKJICHUS Yepe3 HUX, a U3MEHsisl IPUITMCAHHBIE UM 3HAYEHUS apaMerpa,
MeHsieM (pOpMy KPUBO# U CKOPOCTH JIBUYKEHUS 110 HEil.

[IycTth, nHanpumep, 3aJaHbl CBOUMH JEKAPTOBHIMU KOOpJAMHATAMH 4 TOYKH IJIOCKOCTH:
(1,2), (3,6), (7,4), (2,1) (puc.1.). [Ipucsous 3rum TouKaM 3Ha4YeHus: napamerpa t; = 1, to = 2, t3 =
3, t4 = 4, MOIyYuM KPUBYIO, U300PaKEHHYIO CILIONMIHOM JimHueil. [lomendaB Mectamu 3HaveHus napa-
Merpa (t; = 2, to =4, t3 = 3, t4 = 1), HOIyYUM KPHUBYIO, U300PAKEHHYIO IYHKTHPOM.

1.2. IToyemy mpaKTU4YeCKU HENMPUTOAHA MOJUHOMHUAIbHASA WHTEPIIOJIAINAS

Pacemorpum aBa kaaccmueckux npuMepa. CHadaaa MOCTPOWM TOJIWHOM YETBEPTOTO MOPSIKA
o TabInIe

t||0]|1]8]27
x|O0O[1]2]| 3

(t=0)-(t-1)-(t=21) . (t=0)-(t=1)-(t=8)

=00 o8- G-20 T Eo0)- 6o 620 T @0 @r-1)-@ -8 >~

_239t° — 8820¢” + 70825¢
B 62224

Hecmorpsi Ha TO, 4TO JloMaHasi, coeJuHSIONIAs 3aJaHHbIE TOYKHU, BBINYKJIa, rpaduK HUHTEP-
HOJISIIUOHHOTO MOJIMHOMa UMeeT TOuKH meperuba (puc.2). Takas MHTepHOJsAys OObIYHO CYUTAETCSI
HeyI0BJIeTBOPUTEIbHOU. VI3BeCTHO, UTO C yBeIUUeHneM KOJIUYeCTBA y3JI0B UHTEPIOJISIIAN OaCHOCTh
MOSIBJICHU S OCIIWJLISITIAN Y WHTEPIOJUPYIONETO MOJIMHOMA BO3PACTAET. DTO JAEMOHCTPUPYETCsS HA, BTO-

POM TIipuMepe, KOTOPBIil Ha3bIBaeTcs nmpuMepoM Pynre: dyHKIug r = p WHTEPIIOJIUPYeTCd Ha

1+25
cermenTe [—1, 1] npn paBHOMEpHOIT ceTke.

Ha puc.3 uzo6paxkensi: rpaduk dyuknuu Pynre (:kupHas nunusi) u rpacdbuKd WHTEPHOJSIA-
OHHBIX TIOJIMHOMOB IpH 4ucIax y310B Ny = 3 (nyukTup) u No = 9 (TOHKAs JTHHHS).



Puc.2

Puc.3



Bo uszbexanue nmapasuTHBIX OCHMJLISIUN IIPH OOIBIIOM YUCIE y3JI0B OOBIYHO UCIOJIB3YIOT IO-
JINHOMUAJIBHYIO CIJIQHH-UHTEPIONANNIO: KAXKIAd Nopyus KPUBO, 3aKJTI0OUEHHAS MEXKIY JBYMS CO-
cesiHUMHU (IO HOMEpAM) Y3JIaMHU ANTPOKCUMUPYETCS CBOMM MOJMHOMOM.

1.3. IlonmmHOMUMAaIbHAA CILJIAMH-WTHTEPHOJISITAS

[IycTe 3a1aHBI CBOMMY IEKAPTOBBIME KOOpAMHATAME To4deK [V miaockocTr . Kak Mbl ycI10BUINCH
paHee, paccMaTpuBaeM UX aOCIucChl Xq,..., X y.

Yro0b1 He Meperpykarh U3JI0XKEHNEe MaTepuaJia U3JIUITHUMU TTOAPOOHOCTSMU, Oy/IeM CUUTATH,
YTO HavaJy KakJo# mopuuu ciuiaifHa coOTBeTCTByeT 3Hadenue mapamerpa t = (0, a koumy ¢t = 1.
[Tepexon kK 00mEMy C/Ty4aio HE BBI3BIBAET 3aTPYIHEHUII.

CuuiaitH BTOporo mopsijika.

CemeiicTBO mopiuit ciaitHa emopozo nopsjaka deyrnapamempuyeckoe. Oba mapameTpa ompe-
JIeJIAIOTCS W3 YCJIOBUT MHTEPIIOISIUN.
Hns edurcmeennozo (em. m.1.1) crutaiina BToporo mopsijka k-si HOpPIHs 3aIUIIETCS B BUJIE

Tk (t) = 5k(t)Xk + 52(t)Xk+1.

3,[(8(31) 51 u 62 — IIOJIMHOMBI BTOPOTI'O MOpAaKa, YAOBJIETBOPAIONINEC OYE€BUIHBIM YCJIOBUAM

91(0) =1; 62(0) = 0;
51(1) = 0; &,(1) =1 (1:33)
Ecnu 3anucars 3T nOJIMHOMBI B BU/IE
;) = a; + bit; j=1,2
TO JJIs1 onpejiesienusi Koadduuuentos nonyunm u3 (1.3.1) MmarpuyuHoe ypaBHeHUe
1 0 . a1 Qg _ 1 0
11 by by| |0 1|°
Pemmus 310 ypaBHeHue, Haiigem
a1 a2 10 - . 1 0
by by| |11 -1 1
Uraxk,
.Z‘k(t) = (1 —t)Xk+th+1; k= 1,...,N— 1. (132)

Bameuanue. (1.3.2) — ypaBHenue orpeska, coepuusitomero Touku (0, Xp) u (1, Xy 1. padux
cITaiiHa BTOPOTO NOPAIKa — JOMaHasd.

CutaiiH TpeTbero mopsiaKa.

CewmeiicTBO IOpIWii cIIaiiHa mpembezo MOPSAIKa mpernapamempuyeckoe. JIBa mapamerpa ompe-
JIeNIOTCS U3 yeJIoBuil mHTepnoasnui. OcTaBIIyIocs CTeleHb CBOOOIBI MOXKHO HCIOIb30BATh, HAIIPH-
Mep, Jisi obecrievdenust 2aadkocmu ciiaiiHa (HeNPepbIBHOCTH MEPBOil MPOU3BOMHON BO 6HYMPEHHUT
y3J1aX CEeTKH).

3amnuineM MOPIUI0 TOTO CIJIAWHA B BUIE

Tk (t) = 71 () Xi + 72(t) Xp1 +73(t) Vi,

rae Vi = z,(0).



[TommHOMBI TPETbEro MopsaKa 7Y, Y2, Y3 Y/AOBJIETBOPSIOT OYeBUIHBIM YCJIOBHIM

71(0) = 1; 72(0) =0; 73(0)
71(1) =0; (1) =1; (1)
71(0) =1 7%(0)=0; %(0)

3amnucaB UCKOMbBIE IIOJIUHOMEI B BHUIE

0;
0; (1.3.3)
1.

vi(t) = aj + bjt +¢;t*; (5 =1,2,3),

W YYUTBIBas, YTO TOTJa
%(t) = b + 25t (7 =1,2,3),

nostyduM u3 ycrosuit (1.3.3) maTpudHOe ypaBHeHHe [yis ounpeeeHns KoabduiuenTos a;, b;, ¢;:

1 00 a; ag as 1 00
111 by by b3l =10 1 0
010 Cit Co C3 0 0 1
Pemas 310 ypaBHeHue, Haiigem
a ay ag 100" [1 0 0
b1 b2 b3 == ]_ ]_ ]_ == 0 0 1
€1 C2 C3 0 10 -1 1 -1
Nrak,
.Z‘k(t) = (1 - t2)Xk + tZX]H_l + t(l — t)Vk (134)

Huddepennupys (1.3.4), nonyunm
.’132:(15) = —Qth + 2th_|_1 + (1 — 2t)Vk.
VesoBue HENPEepPLIBHOCTH IPOM3BOAHOMN CILIaiiHA B y3Jie ¢ HOMepoM k maer:
JT;C_I(l) = —2Xk_1 + 2Xk - Vk:—l = V;C = .T;C(O)

nJin

Vit + V= —2(Xpo1 — Xp); kE=2,...,N -1

Hns onpenenenns (N — 1) napamerpos (V1, ... Vy_1) mbl nonyaunun N — 2 ypasrenuii. OcTtas-
IIYIOCsS CTENeHb CBOOOIBI MOXKHO HCIIONb30BaTh, HApUMED, TakK. 3a1aauM mpousBoabHo V. Torma
OCTaBINHECS TAPAMETPBI HAHIYTCA U3 CHCTEMBbl YDaBHEHUM

1 00 ... 00 Va -Xi+Xo-V;
110..00 Vi X, + X5
011 ..00-|WVl=2] -x3+Xx4
000 ... 11 VN,1 —XN71+XN

[TockonbKy ompeeuTelb MATPHUIBI ITON CUCTEMBI paBeH €IWHUIIE, €€ pellleHrue CYIIeCTBYeT U
ennHCTBeHHO. OTMETHM TaK»Ke, YTO MATPHUIA CUCTEMBI 08YrduazoHasbHad, a JJid DPEIIeHus TaKuxX
CUCTeM ypaBHeHUl CylmecTBYIOT 3 PEKTUBHBIE AJTOPUTMBbI.



CuiaitH 4eTBepTOro MmopsiiKa

MBI HoCTpOMIN HENMPEPHIBHBIM HHTEPIIOISIIMOHHBIH CILIaitH BTOPOT0 MOPSIIKa C pa3pbIBHON MPO-
u3BoaHoit. Ero rpaduk - nomaHas, coeuHSIONAdA 3aJaHHbIe TOYKU. VIHTepHOIAIIMOHHBIN CILTaiH
TPEThEro MOpsijIKa UMEET HEIPEPBhIBHYIO TEepBYIO NMpou3Bojnyio. Ero rpaduk - riajgkas Kkpusasi, CO-
CTOSIIIAsT U3 OTPE3KOB 1MapadoJI.

Paccmorpum Teneps Hartie iimuii Hanbosibiliee TpUuMeHeHHe WHTEPIOJISIIIUOHHBIN CILIaliH YeTBep-
TOr'O IIOPSAKa C HEIPEPBIBHON BTOPOH MpOU3BOAHOI. B KauecTBe 01HOr0O U3 BO3MOXKHBIX 000CHOBAHMIA
HeOOXOJMMOCTH BBIIIOJIHEHHSI TOTO YCJIOBHUs IPOBEJEM aHAJIM3 CATYAIMU, OIMMCAHHON B OYEHb IOIY-
JISIpHOM B cBoe Bpems pomane /. ['panuna "y ma rposy".

"... Ilpu ucubplTaHuy 4yryHHBIE KapeTKu pa30uBaJynch. KapeTka CKOIb3W/IA 10 JyTOBBHIM Ha-
MPABJISIONINM, ¥ ITOJIOMKA IPOMCXOJW/IA, KOIJIa CKOPOCTh JIOCTHTraJsia pabouei... OH cOpocus, 9To
TpeICTaBIgeT JIyra, Mo KOTOpoil aBuxKeTcsa Kapetka?! Kpyr?... Torma Bce JOTMYHO, KapeTKa JOJIXK-
Ha JIOMAThCsl, TMOCKOJIbKY HMeEeTCd pa3pbiB ITPOU3BOJIHOM... B compszkeHun Ayru ¢ HampaBJIdIOIIeH
MPOUCXOIUIT YAAP... CJIEAYET 3aMEHUTh OKPYKHOCTH mapaboioit."

Pacmudpyem muruposannoe. Hekoe marepuaibHoe TeJI0, UMEHYyEMO€e KapeTKOM, IBUKETCs 110

MJIOCKOMY TIyTH, COCTABJIEHHOMY W3 OTDe3Ka MPsIMO M Jyru OKpy:KHOCTH (puc.4).

Puc.4

0 mpu t <0

R—+vR?—t? upu t>0.

B Touke conpsizkennst (Ha4aI0 KOOPANHAT) NEPeas NPOU3BOAHAs (CKOPOCTH IBUXKEHWSI) BOIIPEKH
yTBep2KaeHuio ['pannna HenpepbiBHa. lelicTBUTEBHO,

0 npu t<0

z(t) =

t npu t > 0;

VR —1?
v(—=0) = v(+0) = 0.
Pa3pbiBHOI B TOUYKE CONMpPsIXKEHUsI OKA3bIBAETCs 8MOpas MPOU3BOAHAsT (YCKOPEHHe)
0 npu t<0
wil) ="M =4

7(1%2 - t2)3/2 npu t > 0;



w(=0) = 0; w(+0) = %.

ITo Bropomy 3akoHy HpioTOoHA CKaYOK yCKOpDEHUsI O3HAYAET CKAYOK CHUJIbI, T.e. yIap, KOTOPBIit
U pa30uBaeT Kaperky.

[TokaxkeM Tenepb HECOCTOATEHLHOCTH peKoMeHmanuu ['paHnHa - 3aMEHUTh OKPYXKHOCTH Hapa-
6omoit. B aToM ciydae

0 mpm t<0
z(t) =
kt> mwpu t > 0;
0 mpm t<0
w(t) =a"(t) =
2k mupu t > 0;
w(—0) =0; w(+0) = 2k.

Bunno, 9T0 B Havajie KOOPAUHAT YCKOPEHUE TO-TIPEXKHEMY Pa3PBIBHO - KAPETKY OYIYT NMPOIOJI-
2KaTh Pa30HUBATHCH.

EnuncrBennoe, uro u3Bunsier Buinyckuuka JIIIW I'panuna, — o pa3pbiBe Npou3BOIHON U O ma-
pabojie TOBOPUT B POMaHe Tepoii, He YTOMJIEHHBIH BBICITUM 0Opa3oBaHueM. Ero ommbku HETPYIHO
ucnpaBuTh. Jl0CTATOYHO 3aMEeHUTH CJI0BO "mpou3BogHad" ciaoBaMu "BTOpas mpou3BogHasd'", a CJIOBO
"mapabona" ciaoBamu "kyOmueckas mapabosa.

Torna

0 mpu t<0

kt® mpm t > 0;
0 mpu t<0

6kt upu t > 0;
w(—0) = w(+0) = 0.
Teneph cKayKa yCKOpeHHUd HeT ¥ KapeTKM, HAKOHEI-TO, TlepecTaHyT pa30uBaThCA>.

BrisicHuB BazKHOCTH HENPEPBIBHOCTH BTOPOil TPOU3BOIHOI, TIOKAYKEM, UTO €€ MOXKET 00eCIIeUnTh
MHTEPIOJISIUOHHBII CIJIAWH YeTBEePTOro MOPsi/iKa. JANUIeM €ro MOPIHI0 B BUIE

zi(t) = Br(t) Xy + Bo(t) Xiy1 + Bs(t) Wi + Ba(t) W1
rae Wy = 2{(0), Wi =z} (1).

[TomuaOMBI YeTBEpPTOTO TOPAAKA 31, B2, B3, P4 YIOBIETBOPSIOT OUYE€BUIHBIM YCJIOBUIM

B1(0) =1; B2(0) =0; B5(0) =0; p4(0)
' =1; B(1)=0; Bu(1)
;B 1 (0)

4 (1)

Y

0
0;
0
1

(1.3.5)

0
1

I

3aHI/I(ZaB NCKOMBIE IIOJIMHOMBI B BI/IZLG
Bi(t) = aj +bjt +c;t* +d;t’; (j=1,2,3,4)

U y4YUTbIBad, 4YTO TOIL'da
ﬁ;’(t) = 26j -+ 6d]’t; (] = 1, 2, 3,4),

Ussectno (Bcem, Kpome meTepOyPrcKuX JOPOKHUKOB), 9TO MMEHHO MO KyOudeckoii mapabose CIemyer ocyTe-
CTBJISITH COIPSI2KEHUSI PEJIbCOBBIX IIyTeil HA MOBOPOTax!



nostyanM u3 yeaoswuit (1.3.5) MaTpudHOe ypaBHeHMe [Ist onpeenenns: kodadbduuueHTos a;, b;, ¢, dj:

1 0 0O a, Gy Q3 G4 1 000
1111 by by b3 byl |0 1 0 O
0020 cp ¢ c3 ca|l |00 10
00 26 di dy d3 dy 0 001
Pemrasg 3To ypaBHenue, Haiigem
a, ay as ay 1000 [1 0 o0 0
bi by by byf |1 1 1 1 -1 1 -1/3 -1/6
Ci Cor C3 (4 - 00 20 o 0 0 1/2 0
dy do d3 dy 00 26 0 0 —1/6 1/6
Takum obpazom k-s1 mopiusi ciiaiiHa uMeeT BU/I
—2t + 3t* — £ —t+t°
iEk(t) = (1 — t)Xk + tXIH—l + 6 Wy + 6 Wk+1- (136)

HenpepsiBHOCTS cii1aitHa u ero BTOpoit mpou3BoaHO# 0becriedensl 110 nocrpoenuto. [Ipogudde-
pernupyem (1.3.6)
—2 + 6t — 3t° —1+3t?

o) = —Xp+ Xpp1 + ———— Wi +

5 5 Wit

¥ oTpedyeM HeNpephIBHOCTU MEPBOI MPOU3BOJIHON BO 8HYMPEHHUL Y3JIaX CETKU:

1 1 1 1
oot (1) = =X+ Xt Wi + 3Wie = =X Xis = W = gWis = 240).
Orcrona
Wit +4We + Wiy = 6(Xp1 — 2X + Xpen); k=2,..., N -1 (1.3.7)

Cucrema (1.3.7) conepxxur N nepemenusix (W, ..., Wy) u N — 2 ypasuenust. [Tonoxxum Wp =
Wx = 0, (4r0o ynpocTuT BHIKJIAJIKK, HE MeHssi CymecTBa jgena). Beegem (N — 2) x N-marpuiy

1 =2 1 0 0 0 0
r_ 0 1 -2 1 0 00 ,
0 0 00 ... 1 -21
(N —2) x (N — 2)-marpuiy

410 00O
1 4 1 00O

G=| . i ,
000 . 1 41
000 01 4

1 BEKTOPLI

W:[W2,...,WN_1]T, X:[Xl,...,XN]T.

Torna cucrema ypasnenuit (1.3.7) mpumer Buj

G-W=6F-X. (1.3.8)



Puc.b

B IIpunoxkenun nmokaszano, 4ro Marpuiia (G MoJIOXKUTEIbHO onpejeneHa. 13 sroro ciemxyer, 4To
ypaBHenue (1.3.8) uMeeT eIMHCTBEHHOE peNIeHNe, KOTOPOe MOXKET ObITh MOJYyYeHO, HAPUMeEp, MO
MeToy XOJIEIKOTO.

Ha puc.5 usoGpaxkensl Kpuas PyHre (:KupHOit iuHUeH ) 1 rpadvK HHTEPHONSAIUOHHOTO CILIAMN-
Ha 4 TopsiIKa, TOCTPOEHHOTO HA PABHOMEPHOI ceTke ¢ 9 y3amu (CBOOOIHBIE TTAPAMETDHI — 3HAYEHHUSI
BTOPOI IPOU3BOHON HA TPAHUIAX — MPUHITH PABHBIMU HYJ10). CpaBHUTE KAUECTBO TPHUOJIUKEHWS
MHTEPHOJISIIMOHHBIM TIOJTMHOMOM (PHC.3) M MHTEPIOJISAIMOHHBIM CIlIafiHOM (pHC.)).

1.4. CraakuBamuii cijiaiiH 9eTBEPTOrO MOPs/IKa
C ABYyMHA HENPEPBIBHBIMU ITPOU3BOIAHBIMU

Kaxk y»ke 0b1710 cKa3aHO, HAJIUYUE MOTPENTHOCTEH B KOOPJAMHATAX 33JaHHBIX TOUYEK KPHUBOI MPH-
BOJUT K M3MEHEHUIO B IIOCTAHOBKE 33/1a4u. B 3TOM ciiy4yae mpejacTaB/isieTcss Helejaecoo0pa3HbiM Tpe-
O6oBaTb, 4TOOBI BCE 3aJlaHHbIE TOYKHU JiexKajiu Ha KpuBoi. Jlocrarouno, 4ToObl OHM ObLIM OT ITOMH
KpuBoit "He ouenb majeku". JIo6aBuB K 3TOMy TpeOOBaHUIO OTpaHUYEHUE HA YCKOPEHUE WU, TOUHee,
Ha CpeTHEKBAIpaTUUeCKOe 3HAUEHNe BTOPOil MPOU3BOMHOI CILIaitHa, MOIYIUM 00UH U3 B03MOHCHBLL
GbYHKIIMOHATIOB KAYeCTBa, CILIAHH alMpPOKCUMAIINN:

®=p- Y (- a0+ (1-)- Y [ (o) ar (1.4.1)

k=1

OToT (DYHKIIMOHAJ — B3BEIIeHHAsI CyMMa JBYX ciaaraembix. [lepoe ciiaraemoe

D (X — 2 (0))?

k=1

— CyMMa KBaJpaToB pa3HocTell abcuuce 3aJaHHBIX TOYeK (X)) M COOTBETCTBYIOIMX UM ab-
CIUCC CILIaiHa (xk(O)) — pacCTOosiHWE MEXKJy SKCIEePUMEHTAJbHbIMHA JIAHHBIMA M WX CILIAifH-
AN poOKCUMAIUeH.

Bropoe craraemoe
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— CpPeJHEKBaAPAaTAYIECKOEe 3HAUEHUE BTOPO MPOU3BOAHON CIIaliiHa — OJHA U3 BO3MOXKHBIX Mep KPH-
BU3HBI cIIaiina’.

"ITapamerp criaxkusauus'" p yaosierBopsieT HepaBeHCTBY 0 < p < 1. Ilpu p = 1 momyuurcs,
OYEeBUJIHO, UHTEPIOIAIUOHHbIN citaiin. [Ipu p = 0 dyHKIMOHA KaYecTBa He YUYUTHIBAET PACCTOsIHUE
cljlaiiHa OT 33JaHHBIX TOYEK - MUHUMU3UPYETCA TOJbKO CPeJHEKBaJpaTudyecKoe 3HaueHue BTOPOM
MPOM3BOHON CIJIAMHA - ¥ PEIeHre OUYEeBUIHO: A100a4 NPAMAs!

[Tepenumem nonyuentoe B (1.3.6) Bbipakenue jijist MOpIMHU CiLiaiina, 0003Hauns xx(0) = Sy,

—2 + 6t — 3t? —1 + 3t?

xE(t) = (1 —t)Sk + tSks1 + 6 Wi + 6 Wiia. (1.4.2)

Hudbdepennupyst (1.4.2) 1BazKabl, MOIYyIAM
zp(t) = (1 — )Wy + tWyq1.

[ToxcraBum sror pesyasrar B (1.4.1).

P :p-Z(X,c ~ S +(1—p)- Z_/l(u —t)Wk+th+1)2dt:

k=1
N 1 N-1
=p- (Xk - Sk)2 + %p . (I/Vk2 + WiWyi1 + WI?—H)' (1.4.3)
k=1 k=1
Banumrem (1.4.3) B MaTpuuaHoii dhopme
<I>:p-(S—X)T-(S—X)+1%p-WT-G-W (1.4.4)

(marpuna G u BeKTOpHI X, W onpejeseHsbl B m.1.3).

[Tepenucas (1.3.8) B Buge G - W =6F-S (marpuna F onpegenena B 1.1.3), Haiizem orcrioga
W=6-G' F-S.

[ToxcraBus pesyabrar B (1.4.4), nomyunm

P=p-(S-X)T-(S-X)+6(1-p)-ST-FT.G'.G-G'-F-S=
=p-(S-X)-(S—X)+6(1—p)-ST-FI'.G™'.F.-S=
=ST(p-T+6(1—p)-FT-G'-F)-S—2p-ST-X+p-XT-X.

B npujioxenun MoKa3aHa MoJI0xkKHTeTbHasd ollpeleJeHHOCTb MaTpuipl p-I +6(1—p)- F1- G~1. F.
CaenoBaTeibHO, (DYHKIIMOHAJ UMEET €IMHCTBEHHBIH MUHUMYM B CTAIIMOHAPHOM TOYKe, KOTOPYIO Haii-
JieM, TIPUPaBHUBaA HYJIO TPAJAMeHT (PYHKIIMOHATIA

(p-I+6(1—p)-F'-G'-F)-S—p-X=0.
Pemenune sToro ypaBHeHus JacT BEKTOpP S, 3Hash KOTOPBIII MOXKHO HaWTH W=6G"1-F.&.

2. IPOEKTUPOBAHIE ITIOBEPXHOCTEN

[Tepexo/isi K IPOEKTUPOBAHUIO TOBEPXHOCTEH, OTMETUM CYIIECTBEHHOE YCIOKHeHue 3a1a4u. Bo-
TIePBBIX, KaXKJas KOOPIAWHATA ABJIAeTCd Telephb (DYHKIMEl IBYX MEePEMEHHBIX, U MPU YIOPSAI0UYEeHUN
3aJaHHBIX TOYEK KayK/YI0 U3 HUX CIeayeT CHAOAUTH IBYMS WHIEKCAMU.

l£" (@) -
(1+ (@)

3HanmomuuM, 9TO KpUBU3HA KPUBOH, 3a1aHHOl ypasHenuem T = f(t), paBHa



11

Hanpuwmep, npu onuncanuu chepbl MOXKHO YIOPSIOYUTH 33/[aHHbIE HA HEll TOYKM 110 BO3pacTa-
HUIO 3HAYEeHW uX chepudecKux KOOpAUHAT 6 u @, T.e.

Op, >0, <= m>n; ¢p>p, <= k>p.

Boobe ke ToBOpS, Ipote1ypa yIOpsaI0ueHNsT TOYeK HeaJTOPUTMHU3UPYEMa, W MbI Oy/1eM Tpe/I-
1oJIaraTh, 9YTO KayKJI0i 3a/1aHHON TOYKe y»Ke IMPUCBOEHBI JBA WH/IEKCA.

PaccmarpuBasi (kak ¥ B ciyuae KPHBO¥) TOJIBKO abCHUCCY, MOJY4YaeM JBYXMEPHBI MacCuB
abcuuce Xy m=1,...,M; n=1,..., N. IIpoekTupyemasi HOBEPXHOCTh Pa30UBaeTCs IPU ITOM
Ha (M — 1) X (N — 1) nopiuii. Y3161

Xm,na Xm—|—1,na Xm,n—l—la Xm—|—1,n—|—1
NPUHAJJIERKAT (1M, N )-TOPIH.
2.1. [IByXMepHBIii MHTEPIIOJISIMOHHLIN CIJIAiH YeTBEPTOro MOPSaKa

Cc HenmpepsIBHBIME MaTpunamu fkobm u I'ecce

MBI paccMOTpUM TOJIBKO OJIWH CIMOCOO ABYXMEPHO# CILIaiiH-WHTEPIIONAINN — TEeH30pHBIE TTPO-
M3BeJIeHNsI OJHOMEPHBIX cILIaiHoB. [lopmus Takoro ciiaiiHa mmeer BHI,

T (U, 0) = [ (1), ao(u), az(u), aa(u)] - Apy, - [al(v),aQ(v),ag(v),a4(v)}T. (2.1.1)

31ecn
Xm,n Xm,n—|—1 Qm,n Qm,n—i—l
Amn — Xm+1,n Xm+1,n+1 Qm—l—l,n Qm+1,n—|—1
’ Pm,n Pm,n+1 Sm,n Sm,n+1
Pm+1,n Pm+1,n+1 Sm+1,n Sm+1,n+1

ar(t) =1 =32+ 2t ay(t) =312 — 2% az(t) =t — 262 + 1% au(t) = —t* + 2

I

0z oz 0z ox
Qmn = %(0,0); Qmpnt1 = %(0; 1) Qmiin = %(1,0); Qmsin+1 = %(1; 1),
oz oz oz ox
Pm,n = %(0: 0)§ Pm,n-l—l = %(O: 1)§ Pm+1,n = %(17 0); Pm+1,n+1 = %(17 1)7
0%x 0%z 0%z 0*x
mmn — yU); m,n = 3 a_ 71; m n:—la ; m+1,n :—171
S , auav (O 0) S ,n+1 auav (O ) S +1, auav( 0) S +1,n+1 auav( )

(2.1.2)

[TosmHOMBI 1, (ig, (i3, (4 TIOJNYUYEHBI 10 ycaoBusAM (2.1.2) HA OCHOBE METOJMKH, OMMCAHHON B
m.1.3.

HemnocpeacTBeHHBIM BBIUMCIEHHEM YCTAHABJIMBAETCS HENPEPBIBHOCTH CILIAHA HA 6HYMpPEH-

HUZ TpaHWUUAX nopuuii (IpU NPOU3BOALHHIT 3HAYEHUSIX He OIPEJEJEHHBIX II0Ka HapaMeTpoB

Pon,QmmnsSmpm, m=1,.... M —-1;n=1,...,N—-1:
Tm-10(1,0) = T pn(0,0);  Tmn_1(U, 1) = Tmn(u,0).

Taxk ke MOXKHO yOeIUThCsS, 9YTO HA 8HYMPEHHUT TPAHUIIAX TTOPIUNA HEIPEPHIBHBI IIePBbIE€ YaCT-

2
Hbl€ IIPOU3BOJHbIE (%, g—ﬁ) u CMelllaHHad BTOPpad a%gv .
axmfl n axm n a'L'm n—1 6$m n
(1 = ’ : 1) = ’
au ( 3 ) au (0’ /U)J 8’1,/, (u, ) a ( ) 0)’
axmfl n 6$m n a'L'm n—1 6$m n
(1 = ’ : 1) = ’
av ( Y ) av (0’ )7 av ( Y ) a?) ( ao)a
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82$m—l n 82-Tm n a2$m n—1 82xm n
— (1 = ’ ;. —(u,1) = :
Oudv (1) Oudv (0, v); Oudv (v,1) Oudv (

[Torpebyem Tenepnb, 4TOOBI HA, BHYMPEHHUL TPAHUIAX TTOPIUHA ObLIM HENTPEPHIBHBI BTOPHIE YaCT-

u,0).

2 2
HbI€ ITPOU3BOJ/HbIE a L a—x IIBa YCi10BUA BBINTOJIHAIOTCA TOXKJIECTBEHHO IIPpU JIIOOBIX InmapamMeTpax

) ou’ v’
CIIJIaHA: 82 62 32 82
zm,nfl _ xm,n X xmfl,n _ xm,n
au2 (ua 1) = au2 (U’a 0)5 8U2 (1a U) = 8U2 (07 U)'

OcraBrecst 1Ba yCJIOBUsI JIAIOT CHCTEMBI YPABHEHUWI, W3 KOTOPBIX ONPEIE/ISIOTCS 3HAYEHUSI

napaMeTrpoB CILJIaiiHa:
2
0 Tm—1,n

Y ou?
= (6Xm—1,n — 6Xmn +2Pp_1 + 4P, ) (v)+
+(6X 1041 — 6 X1 + 2P 1041 + 4P 1) 02 (v)+
+(6Qm-1,n — 6Qmpn + 2Sm 1, + 4Smpn)as(v)+
+(6Qm-1n+1 — 6Qmmn+1 + 2Sm—1n+1 + 4Smn+1)a(v) =
= (—6Xppn +6Xemi10 — 4P — 2Pi1,0) 00 (v)+
+(=6Xmnt1 + 6 X141 — 4Pnnt1 — 2Pmy1ng1)02(v)+
+(—6Qmm + 6Qmi1n — 4Smn — 2Smi1n)03(v)+
+(—6Qmn+1 + 6Qumr1n+1 — 4Smn+1 — 2Smi1nr1)0a(v) =

B 82xm,n 0
- au2 ( ,U)
B cuity sinHeliHO HE3aBUCHMOCTH MHOYKECTBA MOJUHOMOB (11, (g, ('3, 0ty (IPOBEPHTE ITO!) JTOJXK-
HBI OBITH PaBHBI KO3 (DUIUEHTH B 00eMX YaCTIX TOXKIECTBA MpU KaxKJAoM u3 HuX. [IpmpaBHuBagd,
MOJIy4aeM 4YeThipe TIONMAPHO PABHOCUJIBHBIX CHCTeMbl ypaBHeHwuii. /IBe orOpachiBaeM M, HAKOHEI, 10~
JydaeM JBe CUCTEeMbl YPaBHEHUN

(1,v) =

mel,n + 4Pm,n + Pm+1,n = _3(Xm71,n - Xm—i—l,n)a (213)
Smfl,n + 4Sm,n + Sm+1,n = _3(mel,n - Qm+1,n)- (214)
[Iposmenap anaJoruyYHbe IPEOOPA30BAHHUA C YCIOBHEM
82xm n—1 82-Tm n
9) LEmn-1 1y = LEmn 0y,
HOJLY YUM
Qm,n—l + 4Qm,n + Qm,n—f—l = _3(Xm,n—1 - Xm,n—i—l); (215)
Sm,n—l + 4Sm,n + Sm,n—|—1 = _3(Pm,n—1 - Pm,n—l—l)- (216)

[TonydyeHHBIX ypaBHEHUI HEZOCTATOYHO JIJIsS OJHO3HAYHOIO OINpEIe/IEHNsT 3HAYeHU BCcex mapa-
MeTpoB ciiaiina. [[pon3Bo/ibHO MOTyT OBITH BBIOPAHBI, HaANpPuMep, 3HAYEHUS JIEMEHTOB NMEPBON U
mocjaeaHel cTpok Marpul P u S, mepBoro u mociaeanero c¢roaomos Marpui (Q u S. ITomoxum

Pl,n:PM,n:(]aSl,n:SM,nZO; n=1,...,N.

Qmi=Qmn =0, Sp1=5S,8v=0;, m=1,...,M.

Torna cucrema ypasuennit (2.1.3) 3anumercs: B Buje

G,-P=3H,-X. (2.1.7)
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31ecn
4 10 0 00
141 ... 000
Gp= | i, — (M —2) x (M — 2)-marpuua,

000 1 41
000 01 4

-1 010 0 00O

0 -1 1 ... 0 000

Hy= | — (M —2) x M-marpuna,
0 000 ... =1 010
0 000 ... 0 -1 01

X — 3azannas marpuna abcmnucc pasmepa M x N,

P —uckomasi (M — 2) x N-marpuna.
B Ilpuioskennn goka3aHa IMOTOXKHUTEIbHAS ONPeIeJIeHHOCTh MaTpHIlbl (. CiieJoBaTesIbHO, MAT-
puyHoe ypapHenue (2.1.7) uMeeT eJIUHCTBEHHOE DeIleHNe

P=3G;' H,-X. (2.1.8)

Jononuus P nepBoit 1 nocnaeaneit HyJIeBbIMEA cTpoKaMmu, oayduM M X N-matpumy P.
Ananornunsie npeobpasosanusi (2.1.5) nagyr (o4eHb coBeTyeM MX MpojeaaTh!)

G, Q"=3H,-X"; Q"=3G;"-H, X" wmQ=3X-H! C;" (2.1.9)

Tonomuus () NepBbIM U TOCHeIHEM Hy/1eBBIMH cronbuamu, noxyanM M X N-marpuiy Q.
Hnst onpenenenusi (M — 2) x (N — 2)-marpunsl S uMeroTcs jBe cucreMbl ypaBHenwuii: (2.1.4) u
(2.1.6). Banumewm (2.1.4) u (2.1.6) B Mmarpuunoit dpopme

G,-S=3H, Q. (2.1.10)

G,- ST =3H,-P". (2.1.11)
Pemaem (2.1.10)

S=3G,"-H,-Q

p

¥ TIOJICTABJISIEM B Pe3YJIbTaT @ u3 (2.1.9)
S=9G;"-H,-X-H! -G, (2.1.12)
Pemraem (2.1.11)
ST =3G,;"-H;- P"
W MOJCTAB/IsIEM B pesyabTaT P u3 (2.1.8)
S=9G;' H, - X-H!-G;". (2.1.13)

CpasuuBas (2.1.12) u (2.1.13), Bugum, uro cucremst (2.1.4) u (2.1.6) paBrocuabHbI. JlonoaHnB
NEPBBI U TOCIeHUNE CTOIONBI, TEPBYIO U TOCAEIHIO CTPOKH S Hysasamu, nojayuum M X N-marpuily
S.

OtrmeTuMm emne pa3, 4TO HepBasg W IOCJTeIHdAS CTpoKa Marpun, P u S, nmepBblit u mociemgHmit
cronbupl Marpul, () u S MOIyT 3aJaBaThCs MPOU3BOIBHO. DTOT MPOU3BOJ (KAK M BCIKH JpYyroif
IPOU3BOJI) KAXKJIbIH MOYKET MCIIOJIb30BATh C BBITOJIOI J1jist cebst. Mbl 3a €ro cyer ynpocTuau BeIKIaKu!
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OrmernMm TakzKe, YTO BCe MpeoOPa30BaHMs, TPUBEIEHHBIE B 9TOM OPOITIOPE, BHITIOJHEHBI B CPEJIe
MAPLE. PekomenayeMm duTaTesio MpojaeaaTh UX U UMeHHO ¢ momornsio MAPLE!

@opTpaH-TIPOrpaMMBbl Il TOCTPOCHUS TJIAJIKAX KPUBBIX U MOBEPXHOCTEH C IOMOIIBIO HHTEPIIO-
JISIIMOHHBIX M CIVIAKUBAIOIIMX CILIAHOB (He TOJBKO MOJMHOMHUAJBHBIX!) MOXKHO HafiTu, Hampumep,
B KHUTAaX

1. Spaet H. Spline-Algorithmen zur Konstruktion glatter Kurven und Flaechen. —
R. Oldenbourg Verlag, Muenchen - Wien, 1978.

2. /le bop K. IIpakTmyeckoe pykKoBoacTBO 1O craitnam. — M.: Pagno u cBsa3p. 1985.

Kpome toro, cmnnaitn-rexuunka mpeacraBiaesa B MAPLE, MATHEMATICA, MATLAB,
MATHCAD.

ITPNJIO2KEHINE

JloKazKeM T0JIOzKUTeIbHYI0 onpeenentocts Marpun, G u 6(1 — p) FTG™'F + pl.
1. CnekTp Marpuibl G HAXOAUTCA W3 yPABHEHUS

4— X\ 1 0 ... 0 0 0
1 4—-X1 ... 0 0 0
det | oo =0
0 0 0 14—\ 1
0 0 0 0 1 4— A

[Tonaras 4 — A\ = 2cos(t), mony4dum ypapHenue?

sin((n+1)t)
sin(t) =0

KOPHH KOTOPOTO CyTh

km
n+1

k
)\k=4—2003< m )22,
n+1

T.e. MaTpuna GG MOJIOKUTETLHO OIPEJIe/IeHA.
BenecrBue nostoxkutensHoit onpenesiennoctu G cymnecrByer Takas marpuna G

tp = ; kzl,...,n.

Takum obpazom,

12 qro

G71/2 . 071/2 — Gfl.
CneroBaresibHO,
R=FTG™'F = (FTG™'?) . (G'?F) = (G~'?F)" - (G~V/*F),

T.e. R — MaTpuna ['paMa u ee coOGCTBeHHbIE YHC/Ia HEOTPHIATEIbHBL.

Ecnn p — coberBennoe uuneno marpunsl R, a v — cobersennoe uncio marpuipst 6(1 — p)R + pl,
o v = 6(1 — p)p + p. Hockoambky > 0,2 0 < p < 1, o v > 0, Te. marpuna 6(1 — p)R + pl =
6(1 — p)FTG™LF + pI nonoxurennHo onpejiesiena.

4 Tankacrep II. Teopus marpun. — M.: Hayka, 1978.



